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Notation and Terminology

Let X is a Polish space and | C Z(X) s.t
> [ is o-ideal with a Borel base and
» [ contains all singletons,

then (X, /) is Polish ideal space
Let By (1) = Borel(X) \ | be set of all /-positive Borel sets.
Perf (X) stands for set of all perfect subsets of X
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Definition (Cardinal coefficients)
Let X - Polish space and | C #(X) be o-ideal and .% C [ let
cov(F) = min{|e|: o C .7-"/\U427 = X}
covy(F) = min{|/| : &/ C FA(3B € B(I)| ]« =B}
cof (I) = min{|%|: B CIN(NNAel)(3IBec B)AC B}
Cof (1) = min{|B| : Z C BL(I)\(VA € B+(1))(3B € #)(B C A)}

A o-ideal of null sets and .# o-ideal of all meager subsets of X.
cov( M) = covy( M), cov(N) = covy(N).

Theorem (Cichon-Kamburelis-Pawlikowski)

If I is c.c.c. o-ideal with Borel base then cof (I) = Cof (/)
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Complete /-nonmeasurability

Definition
Let (X, /) be Polish ideal space. We say that A C X is completely
I-nonmeasurable in X iff

(VBeBy(I)) ANB#DAANB 0.

» A C X is complete [X]=“-nonmeasurable iff A is Bernstein
subset of X,

» A C0,1] is complete .4-nonmeasurable iff A.(A) =0 and
A*(B) =1,

» A C X is complete .#-nonmeasurable if § 2 U C X then
AN U does not have Baire property.
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Theorem

Let X C Xo and {Y, : a < ¢} be a Polish subspaces

Assume that ¢ is regular cardinal number.

If {fy : @ < ¢} be a family of functions such that for any o < ¢
1. fu[X] = Ya,
2. forany y € J,. Ya we have f;1[y] € [X]~".

Then there exists a subset A C X such that for any o < ¢ f,[A] is
a Bernstein set in Y.
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Corollary

There is subset A C S of the unit circle that for any projection T
on real line | C R? on the real plane of the set A is a Bernstein set
in w[SY].

Thus we have negative answer for

[asked Aug 3 '11 at 7:51 simon 162] Suppose A is
contained in the unit square of R?, and the projection of
A on any line outside the unit square is not Lebesgue
measurable in R. Does that imply that A is not Lebesgue
measurable in the plane?

Moreover, our answer is valid for measure and category
simultaneously.
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Example
Let
» F C P(w) - Frechet filter,
> X = wY, YC:wC where C € F,
> W S x e fe(x)=x | CewC.
Then by the Theorem there is A C w* such that each image f.[A]
is a Bernstein subset of w©.
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Remark

If we consider any function f : X — Xy such that f[X] is a Polish
space, A C X Bernstein set then

1. if preimage of any singleton of f[X] contains a perfect set
then f[A] = f[X],
2. if f is continuous then f[A] contains some Bernstein set in

f[X] (because any preimage of perfect set in f[X] contains
perfect set in X).
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1.
2.
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Theorem
Let (Xo,!) be Polish ideal space and let X C Xy be I-positive
Borel subset. Let F be a family with the following properties:
1. (Vf € F)(f[X] C Xo is Polish space),
2. (Ve F)(f : X = Xo A lr C P(f[X]) be o-ideal with Borel
base on f[X]),
3. |F| < sup{Cof(lf): f e F},
4. sup{Cof(lf) : f € F} <min{|Z|: Z C Xo A (3f € F)(3B €
Bor(F[X]) \ I)(3F0 € F)(1Fo| < 1ZI A F7YB] € Ufh™H[2] :
he .7'—0})}
Then there exists subset A of X such that for any f € F the image
f[A] is completely ls-nonmeasrable in f[X].



Theorem
Assume that (Xo, 1) is Polish ideal soace and let X C Xy be
I-positive Borel subset. Let F be a family of functions such that

1. for every f € F the image f[X] is Borel subset of Xy and
Ir € P([f[X]]) is o-ideal with Borel base in f[X],
2. |F| < max{Cof(I),sup{Cof (If) : f € F}},
3. there is set Z € | such that
Cof(I) < cov({fI[{d}]: FEFAdE X\ Z},1),
4. max{Cof(I),sup{Cof(lf) : f € F}} <min{|Z|: Z C
Xo A (3f € F)(3B € Bor(f[X])\ Ir)(3Fo C F)(|Fol| <
1ZI A FYBI € ULhH[Z] : he Fol)}
Then there exists A C X which is completely |-nonmeasurable in

X such that for every f € F the image f[A] is completely
le-nonmeasurable in f[X].



Corollary

Assume MA. If | € {NV', . #} is a o-ideal defined on Cantor space
and X C 2“ be a Borel I-positive. If F with at most size equal to
¢ and for any f € F rng(f) is Borel and If € {_N ", .4} then the
above two Theorems are true.



In the Mathoverflow webpage [2] the user Gowers gives positive
answer for the following question

[Gerald Edgar Aug 3 '11 at 13:57] (a) All projections but
two are non-measurable? Or: (b) Projections in
uncountably many directions measurable and projections
in uncountably many other directions non-measurable?

The user of Mathoverflow asked:
[answered Aug 3 '11 at 14:47 gowers] | don't know what
happens if we ask for continuum many measurable
projections and continuum many non-measurable
projections ...
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Theorem
Let ¢ be regular, X, Y be Polish spaces and
» {Y, :a € Y} be a familly of Polish spaces,

» {fy : a € Y} be a family functions such that for all distinct
a,BeY

> Vy e Ya lfy Yl =c
» VyeY,andy' € Y |fuly] N faly']] <c.

Then there exists a subset A C X and disjoint Bernstein sets
F,G C Y such that Y = FUG and

F={aeY:f,[A] = Ya}

G = {a € Y : f,[A] is Bernstein in Yy }.



Fact
Let n > 2 be a fixed integer then every projection w of the Lusin

set A C B(0,1) C R” into tangent hyperplane | to B(0,1) is Lusin
set in m[B(0,1)]. The same result is true if we replace Lusin set by

Sierpiniski set.
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integer n > 2 there exists Baire nonmeasurable subset A of the
cardinality less than ¢ of the unit ball B C R" such that projection
w[A] into any tangent to B hyperplane has not Baire property.



Fact
It is relatively consistent with ZFC theory that —CH and for every

integer n > 2 there exists Baire nonmeasurable subset A of the
cardinality less than ¢ of the unit ball B C R" such that projection
w[A] into any tangent to B hyperplane has not Baire property. The
same result is true in the case of Lebesgue measure.



Theorem

Let X be a compact Polish space and G C .7°(X) be uncountable
Gs subset of #°(X). Let B C X be a comeager subset of X. Then
there are perfect subsets P C X and Q C G such that for every
homeomorphism f € Q of X we have P C f[B].
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B C D a comeager (or D\ B is null) set in D. Then there are
perfect set of directions R on bd(D) and P, Q C [—1,1] such that

(Va € R) (ro[P x Q] C B),

where r,, is rotation by o over origin of the real plane R?.
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Let D C R? be a unit disc with center in origin coordinates and

B C D a comeager (or D\ B is null) set in D. Then there are
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Theorem

Let n> 2 and B, C R" be a n-dimensional unit ball. Let us
assume that E C B a comeager (or B, \ E is null) set in B,. Then
there are perfect set R in D = bd(By), non-meager (non-null)

P C B,—1 and Q C [-1,1] such that

(Va € R) (ra[P x Q] C By),

where r,, is rotation of « to the vector (1,0,...,0) € R" over
origin of the euclidean space R".
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